Abstract. Let p be a prime and K be a number field. Let ρ E,p : G K −→ Aut(TpE) ∼ = GL 2 (Zp) be the Galois representation given by the Galois action on the p-adic Tate module of an elliptic curve E over K. Serre showed that the image of ρ E,p is open if E has no complex multiplication. For an elliptic curve E over K whose j-invariant does not appear in an exceptional finite set, we give an explicit uniform lower bound of the size of the image of ρ E,p .
Introduction
Let k be a field of characteristic 0, and let G k = Gal(k/k) be the absolute Galois group of k where k is an algebraic closure of k. Let p be a prime number. For an elliptic curve E over k, let T p E be the p-adic Tate module of E, and let ρ E,p : G k −→ Aut(T p E) ∼ = GL 2 (Z p ) be the p-adic representation determined by the action of G k on T p E. By a number field we mean a finite extension of Q.
We recall a famous theorem proved by Serre:
( [17, ) Let K be a number field, E be an elliptic curve over K with no complex multiplication and p be a prime. Then the representation ρ E,p has an open image i.e. there exists a positive integer n depending on K, E and p such that ρ E,p (G K ) ⊇ 1 + p n M 2 (Z p ).
In this paper, we show that there exists a uniform bound of such n if we let E vary for fixed K and p. Theorem 1.2. Let K be a number field and p be a prime. Then there exists a positive integer n depending on K and p such that for any elliptic curve E over K with no complex multiplication, we have
We will deduce Theorem 1.2 from the following more precise result of this paper in Proposition 2.10. We use the following conventions: (C) p : Let K be a number field. Then there exists a finite subset Σ ⊆ K depending on p such that for an elliptic curve E over K, the condition j(E) ∈ Σ implies
Let n(p) ≥ 0 be the minimum integer n satisfying (C) Proof. Since g(X 0 (19)) = 1, the integer n(19) cannot be 0. We also have g(X 0 (17)) = 1, g(X 0 (13)) = 0, g(X 0 (11)) = 1 and g(X 0 (7 2 )) = 1. Thus we get the result in a similar way. [3, Theorem 7; 8, Theorem (4.1) ; 9, p.116-118] .
If p = 2 and K = Q, the Galois image is studied in [14] , assuming that an elliptic curve has no complex multiplication, and all its 2-torsion points are rational. [2, 4, 6, 7, [10] [11] [12] [13] 15, 16, 18, 20] . Several questions related to the subject of this paper are raised in [19, p.187] .
Remark 1.6. There are many other studies of the Galois images associated to elliptic curves over number fields or of rational points on modular curves in
The contents of this paper are as follows: In Section 2, we deduce Theorem 1.2 from Theorem 1.3 by studying the determinants.
In Section 3, we regard elliptic curves as rational points on modular curves, and reduce Theorem 1.3 to a genus estimate. Replacing K by its finite extension, we may assume that K contains a primitive p n(p)+1 -st root ζ p n(p)+1 of unity. Suppose an elliptic curve E/K does not satisfy ρ E,p (G K ) ⊇ (1 + p n(p) M 2 (Z p )) det=1 . Then we have ρ E,p (G K ) mod p n(p)+1 ⊆ H for some subgroup H ⊆ SL 2 (Z/p n(p)+1 Z) satisfying H
(1 + p n(p) M 2 (Z/p n(p)+1 Z)) det=1 . Thus E/K determines a rational point on the modular curve X H corresponding to H. If the genus g(X H ) of X H is greater than or equal to 2, we conclude that X H has only finitely many rational points by Mordell's conjecture ( [3, Theorem 7] ). Since there are only finitely many subgroups H as above, the number of the j-invariants of E/K not satisfying ρ E,p (G K ) ⊇ (1 + p n(p) M 2 (Z p )) det=1 is finite. Thus Theorem 1.3 will follow. In Section 4 -7, we prove g(X H ) ≥ 2. In section 4, we prepare for estimating g(X H ). Put G = SL 2 (Z/p n(p)+1 Z), σ = 0 1 −1 0 , τ = 1 1 −1 0 , u = 1 1 0 1 .
For α ∈ G, let Conj(α) be the conjugacy class containing α. If H ∋ −1, we have
We calculate the number of elements conjugate to σ, τ, u contained in maximal subgroups of SL 2 (Z/pZ). In Section 5, we calculate the number of elements conjugate to σ, τ, u contained in SL 2 (Z/p n Z), and study the fiber of the mod p m map SL 2 (Z/p n Z) ∩ Conj(α) −→ SL 2 (Z/p m Z) ∩ Conj(α), where 1 ≤ m ≤ n and α = σ, τ, u. For integers 1 ≤ m ≤ n, let f n,m : SL 2 (Z/p n Z) −→ SL 2 (Z/p m Z) be the mod p m map. If m < n ≤ 2m and α = σ, τ, u, we see that α
n,m (α) ∩ Conj(α)) is a subgroup of (1 + p m M 2 (Z/p n Z)) det=1 ∼ = M 2 (Z/p n−m Z) Tr=0 and isomorphic to (Z/p n−m Z) 2 . In Section 6, we control the number of elements conjugate to σ, τ, u contained in H, by combining the result of Section 5 with the property H (1+p n(p) M 2 (Z/p n(p)+1 Z)) det=1 . In Section 7, we prove g(X H ) ≥ 2 by using the results of Section 4, 5, 6. I would like to thank my supervisor Professor Takeshi Saito for helpful advice and warm encouragement. This work was partly supported by 21st Century COE Program in The University of Tokyo, A Base for New Developments of Mathematics into Science and Technology.
Deduction of Theorem 1.2
In order to deduce Theorem 1.2 from Theorem 1.3, we need some facts in group theory. Proof. The "only if" part is trivial. Assume H mod p n+1 contains 1+p n M 2 (Z/p n+1 Z). We will show that H contains 1+p n M 2 (Z p ). For each s ∈ 1+p n M 2 (Z p ) and for any a ≥ 1, we will find an element x a ∈ H with x a ≡ s mod p n+a . Then s = (x a mod p n+a ) a≥1 ∈ H, as desired. We show the existence of x a 's by induction on a. For a = 1, it follows from the assumption. Assume it is true for a (≥ 1) i.e. H mod p n+a ⊇ 1 + p n M 2 (Z/p n+a Z). We first show that for s ∈ 1 + p n M 2 (Z p ) with s ≡ 1 mod p n+a , there exists x ∈ H with x ≡ s mod p n+a+1 . We write s = 1 + p n+a u with some u ∈ M 2 (Z p ). By the hypothesis of induction, we find y :
, the induction hypothesis shows that (s mod p n+a ) −1 ∈ H mod p n+a . Hence we have st ≡ 1 mod p n+a for some t ∈ H. By the above argument, we find x ∈ H with x ≡ st mod p n+a+1 . Therefore s ≡ t −1 x mod p n+a+1 and t −1 x ∈ H. For the "det = 1" version, it follows from the same argument as in the previous lemma ( [17, ).
. Since H ′ is closed, applying the previous lemma, we get the result.
Lemma 2.5. Let n ≥ 1 be an integer and assume p ≥ 3. Let H be a subgroup of
Proof. We first show the surjectivity when n = 1. Let x ∈ H be an element such that det x is a generator of (Z/p 2 Z) × . Put x := x mod p and a := ord x. We first show (p, a) = 1. Since det x generates F × p , x is not a scalar. We consider the commutative subalgebra F p [x] of M 2 (F p ). If we put t := Tr x and d := det x, then
. Therefore, ord x a = 1 or p, and ord (det x) a = ord (det x a ) = 1 or p. Thus, we have ord (det x) a = ord (det x a ) = p because p|ord (det x) and (p, a) = 1. Hence, det x a is a generator of 1 + pZ/p 2 Z.
Next we show the surjectivity for general n ≥ 1. Since det | H mod p 2 = (det | H ) mod p 2 is surjective, there exists an element y ∈ (H mod p 2 ) ∩ (1 + pM 2 (Z/p 2 Z)) such that det y is a generator of 1 + pZ/p 2 Z. We choose a liftỹ ∈ H of y. Theñ y ∈ 1 + pM 2 (Z/p n+1 Z). Taking the p n−1 -st power, we haveỹ
. Since det y = detỹ mod p 2 generates 1 + pZ/p 2 Z, we can write detỹ = 1 + pz for some z ∈ (Z/p n+1 Z) × . Therefore detỹ
Proof. Let x ∈ H be an element such that det x is a generator of 1 + p r Z/p n+1 Z.
. We see that y is also a generator of 1 + p r Z/p n+1 Z and y belongs to a p-Sylow subgroup of GL 2 (Z/p n+1 Z), which is conjugate to 1 + p * * p * 1 + p * . We can write y = 1+pz +ǫ, where ǫ is conjugate to 0 * 0 0 .
Put w := y p n−r . We see that w belongs to 1+p n−r M 2 (Z/p n+1 Z) and det w is a generator of 1+p n Z/p n+1 Z. Multiplying w by elements of (1+p
Corollary 2.7. Let H ⊆ GL 2 (Z p ) be a closed subgroup and n, r ≥ 0 be integers.
Proof. By Lemma 2.2, it suffices to show the result mod p n+r+1 . If n = 0, it is trivial. Assume n ≥ 1. If r = 0, it follows from Lemma 2.5. If r ≥ 1, it follows from Lemma 2.6.
As a consequence of Theorem 1.3, we get the following. Theorem 2.8. Let K be a number field, p be a prime. Let n(p), Σ be as in Theorem 1.3 . Suppose that the image of the p-adic cyclotomic character χ p :
Then for an elliptic curve E over K, the condition
Proof. It follows from Theorem 1.3 and Corollary 2.7.
We show that there exists a lower bound of the images of ρ E,p if we take E's having only finitely many j-invariants. Lemma 2.9. Let K be a number field. Fix an element j ∈ K. Assume that an elliptic curve E over K with j-invariant j has no complex multiplication. Take a prime p. Then there exists a positive integer n depending on p and j such that for any elliptic curve E over K with j-invariant j, we have
Proof. Take an E/K with j-invariant j. By Theorem 1.1, we have
Since E has no complex multiplication, we have j = 0, 1728. Hence there exists a quadratic extension Proof. Theorem 1.3 implies Theorem 2.8. Since Σ is a finite set, elliptic curves E over K with j(E) ∈ Σ have bounded Galois images by Lemma 2.9.
Modular curves
We regard an elliptic curve with a specific Galois image as a rational point on a certain modular curve, and reduce Theorem 1.3 to a genus estimate. Now we give a brief review of modular curves. For more details, see [1, 5] . Let N be a positive integer and k be a field of characteristic 0. For an elliptic curve E over k and an integer N ≥ 1, let E[N ] = Ker ([N ] : E −→ E) be the kernel of multiplication by N on E, and let ρ E,N :
Let Y (N ) −→ Spec(Q(ζ N )) be the moduli of elliptic curves with level N -structure. We have a right action of
where E is an elliptic curve over k, γ a level N -structure on E and h ∈ G.
is an affine smooth curve. Let E be an elliptic curve over k. For an elliptic curve
Let X H be the smooth compactification of Y H . The following is the famous theorem known as Mordell's conjecture proved by Faltings. It shows that a curve X over a number field has only finitely many rational points if its genus g(X) is greater than or equal to 2. Now we compute the genus of X H explicitly. As in Section 1, put
We have ord σ = 4 and ord τ = 6. Note that σ
For α ∈ SL 2 (Z), we also use the same letter to denote the reduction of α. Put
Here I is the cyclic subgroup of G generated by u = 1 1 0 1 .
Assume that H contains −1. Then the genus g(X H ) of the modular curve X H is given by
Let p be a prime and consider subgroups of GL 2 (Z/pZ). A Borel subgroup is a subgroup which is conjugate to * * 0 * ; the normalizer of a split Cartan subgroup is conjugate to * 0 0 * , 0 * * 0 . When p ≥ 3, the normalizer of a nonsplit Cartan subgroup is conjugate to x y λy x ,
2 is a fixed element. Assume p ≥ 5. The quotient group PGL 2 (Z/pZ) of GL 2 (Z/pZ) has a subgroup which is isomorphic to S 4 ; it has a subgroup which is isomorphic to A 5 if and only if p ≡ 0, ±1 mod 5 ([18, p.281]). Take a subgroup H (of GL 2 (Z/pZ)) whose order is prime to p. We call H an exceptional subgroup if it is the inverse image of a subgroup which is isomorphic to A 4 , S 4 or A 5 by the natural surjection GL 2 (Z/pZ) −→ PGL 2 (Z/pZ). 
From now on, we use the letter E to denote this subgroup, not meaning an elliptic curve. The genera of the modular curves corresponding to B, C, D are known as follows. 
We 
As g H is an integer, we have g H ≥ 2 if and only if δ H > 0.
Definition 3.7. Let n ≥ 1 be an integer and let H ⊆ SL 2 (Z/p n Z) be a subgroup. We call H a slim subgroup if
In this definition, notice that if n = 1, then a slim subgroup is just a proper subgroup.
In order to prove Theorem 1.3, it suffices to estimate δ H for any slim subgroup H. 
Proof. Put
Let E be an elliptic curve over
We may also assume that • H ⊆ B and p ≥ 23
one of the following conditions is satisfied.
• H mod p ⊆ B and p ≥ 11
• H mod p ⊆ B and p ≥ 7
•
6 Z), we have δ H > 0 if one of the following conditions is satisfied.
10 Z), we have δ H > 0 if one of the following conditions is satisfied.
• H mod 2 ⊆ (subgroup of order 3)
• H mod 2 ⊆ B
Calculation of conjugate elements in SL 2 (Z/pZ)
We rewrite the value δ H in terms of the number of conjugate elements.
Lemma 4.1. Let G be a finite group and H be a subgroup of G. Take an element
Proof. Put Fix a := {g ∈ G|gH = agH}. Then H acts on Fix a by g → gh (g ∈ Fix a , h ∈ H) and we have Fix a /H = Fix a . Hence, we get
If we take H to be G, we have ♯G/♯Z(a) = ♯Conj(a). Combining these three equalities, we get the desired formula.
For an integer N ≥ 1, take a subgroup
where I(gH) means the I-orbit of gH in G/H. We have
and
By Lemma 4.1, we get
In particular, we have
When p = 2 or 3, we study the conjugacy classes of the maximal subgroups of
Lemma 4.2. We have
Proof. The equality SL 2 (Z) = σ, u is well-known ([21, p.16]). As σ = uτ and (
we have the other equalities.
Lemma 4.3. ([21, Lemma 1.38]) For any positive integer N , the map
is surjective. Since X has determinant 1, we can write
Take an integer b such that b mod N 2 = b, and we get A ∋ 1 0 
Now we determine maximal subgroups of SL 2 (Z/4Z) whose image mod 2 is SL 2 (Z/2Z).
Lemma 4.7. Let A SL 2 (Z/4Z) be a proper subgroup. Assume A maps surjectively mod 2 onto SL 2 (Z/2Z). Then A is conjugate to
which is a maximal subgroup, and is not a normal subgroup. We have
Proof. By the hypothesis, we see that A contains a lift of u ∈ SL 2 (Z/2Z). We have
where α = 1 1 2 −1 and β = −1 1 2 1 . The first four elements are GL 2 (Z/4Z)-conjugate to u. The next two elements are SL 2 (Z/4Z)-conjugate to σ and the last two to σ −1 . Since A has no element which is GL 2 (Z/4Z)-conjugate to u, we have A ∩ Conj(σ) = ∅. Replacing A by its conjugate, we may assume A ∋ σ. Repeating the same argument, we see that A contains at least one of α, β, α −1 , β −1 . We have
. By calculation, we have
The equalities u
Remark 4.8. In the above lemma, all the subgroups of
Now we calculate the number of elements conjugate to σ, τ, u in the maximal subgroups B, C, D, E introduced in Section 3.
Lemma 4.9. In SL 2 (Z/pZ), the number of the elements conjugate to σ, τ , u in B, C, D, E are as follows.
1.
Hence we have
2.
3.
Proof. 1 is easy. 2. Note that if p ≥ 3 then for any x ∈ (Z/pZ) × there exist a, c ∈ Z/pZ such that
Thus we have a −xc c xa ∈ SL 2 (Z/pZ) and a −xc c xa
We have D = Ker (det :
4. In A 5 , there are 15 elements of order 2 and 20 elements of order 3. In S 4 , there are 9 elements of order 2 and 8 elements of order 3.
Next we calculate the number of elements conjugate to σ, τ, u in A 1 ⊆ SL 2 (Z/4Z). Lemma 4.10. In SL 2 (Z/4Z), we have
where
Proof. It follows from Lemma 4.6.
Calculation of conjugate elements in SL
We calculate the number of elements conjugate to σ, τ, u in SL 2 (Z/p n Z).
if p = 2 and n = 1, 6 if p = 2 and n = 2, 3 · 2 2n−4 if p = 2 and n ≥ 3.
Proof. As we have seen in the proof of Lemma 4.1, we have an equality For α = τ , we have
where ζ 3 is a primitive third root of unity. Hence
For α = u, we have Z(u) = a b 0 a |a 2 = 1 , hence
if p = 2 and n = 1, 8 if p = 2 and n = 2, 2 n+2 if p = 2 and n ≥ 3, as required.
Next we calculate the number of elements conjugate to u
, and each fiber of the mod p n map consists of p 3r elements.
We study the fiber of the mod p m map
where α = σ, τ, u p r . Take two integers m, n with 1 ≤ m ≤ n. As in Section 1, let
When α = σ, τ , we always take r = 0. We sometimes omit the superscripts r, n, m and simply write V α .
For any p and m, we have
In particular, the inverse image of one element by the following maps consists of p 2 elements:
Proof. Assume α = σ. We will show
Looking at the determinant and the trace, we get one inclusion "⊆". In particular, we have ♯f
is surjective, Lemma 5.1 shows that the other inclusion "⊇" holds if p ≥ 3 or (p = 2 and m ≥ 2).
We can show
for any p, m and
for p ≥ 3 or (p = 2 and n ≥ 3) similarly by using Lemma 5.1 and 5.2.
Remark 5.4. If p = 2, the inverse image of one element by the following maps consists of 2 elements:
From now on, we always assume the hypothesis in Lemma 5.3 when we write V r+n,r+m α (for α = σ, τ, u p r and their conjugates: defined below), so that V r+n,r+m α is a free Z/p n−m Z-submodule of rank 2 of (1+p
Lemma 5.5. Let r ≥ 0 and 1 ≤ m < n be integers. Assume n ≤ 2m.
Proof. If X = x y z w , we have
Lemma 5.6. Let r ≥ 0 and 1 ≤ m < n be integers. For α = σ, τ, u
Proof. It suffices to show the equality in the case α 2 = α. By the hypothesis, we have
r+n,r+m (α) ∩ Conj(α)), as required.
In the above lemma, we define
Note that we have V r+n,r+m 
, they are the orthogonal complements of each other.
Note that
Next we study the condition for the equality V α = V α ′ , where α ′ ∈ Conj(α).
Lemma 5.9. Let n ≥ 1 be an integer. In SL 2 (Z/p n Z), we have
if p = 2 and n ≥ 3.
Corollary 5.10. Let 1 ≤ m < n be integers. Take two elements σ
Proof. Replacing σ ′′ by its conjugate, we may assume σ ′′ = σ. By Lemma 5.7, we see that σ ′ mod p n−m is orthogonal to V σ ′ = V σ , and thus we have σ ′ mod p n−m ∈ x y −y x . Applying the previous lemma, we get the result.
Lemma 5.12. Let n ≥ 1 be an integer. In SL 2 (Z/p n Z), we have
if p = 3 and n ≥ 2.
Corollary 5.13. Let 1 ≤ m < n be integers. Take two elements τ
Lemma 5.15. Let r ≥ 0 and n ≥ 1 be integers. In SL 2 (Z/p r+n Z), we have We have ♯{u 
Control of inverse images
We control the number of elements conjugate to σ, τ, u p r contained in a slim subgroup H.
Let n ≥ 1 be an integer and let H be a subgroup of SL 2 (Z/p n Z). For an integer 1 ≤ s ≤ n, put
We identify H/H s with H mod p s . For two integers s, t with 1 ≤ s ≤ t ≤ n and for α = σ, τ, u 
We prepare for controlling ♯H ∩ Conj(α) for a slim subgroup H. Lemma 6.1. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p n Z) be a slim subgroup. Take two integers s, t with 1 ≤ t < s ≤ n. Assume t ≥ 2 if p = 2. Then we have
Proof. Put G = SL 2 (Z/p n Z). Take an integer i with 2 ≤ i ≤ n − 1. Assume i ≥ 3 if p = 2. Then the p-th power map η :
be the p-th power map. The commutative diagram
shows that η ′ is injective. By the hypothesis
From now to the end of this section, we use the letter α to denote any of σ, τ, u p r , where r ≥ 0 be an integer. As usual, assume r = 0 if α = σ, τ . Lemma 6.4. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p r+n Z) be a slim subgroup. Take three integers s, t, i satisfying 1 ≤ t < s ≤ n and i ≥ 1. Take an element α ′ ∈ Conj(α) ⊆ SL 2 (Z/p r+t Z). Assume s ≤ 2t and s + i ≤ n. When p = 2 and α = τ , further assume
In this case r = 0. Suppose p ≥ 3 or (p = 2 and s ≤ 2t − 1).
Then we have
. By Corollary 6.2, we have the equality H t+i /H s+i = V s+i,t+i α ′ . Next suppose α = σ, p = 2 and s = 2t. Notice that we are assuming t ≥ 2 in this case. Replacing α ′ by its conjugate, we may assume α ′ = σ. Then we have 
Hence we get
. Next suppose p = 2 and r + s = 2(r + t), so that r = 0 and s = 2t. Notice that we are assuming t ≥ 3 in this case. We
The elements
Lemma 6.5. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p r+n Z) be a subgroup. Take two integers t, i with t ≥ 1, i ≥ 1 and t + i ≤ n. Take an element
Proof. We show the lemma only when r = 0. Put
All the horizontal maps in the above diagram are surjective. Since V
Corollary 6.6. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p r+n Z) be a slim subgroup. Take two integers i ≥ 1, δ ≥ 0 with i + δ ≤ n. Take an element
Proof. We show the corollary only when r = 0. For an integer t with i ≤ t ≤ n, put 
Xt+i,Xt (α ′′ )). By the assumption H n−i /H n = V n,n−i α ′ and by Lemma 6.4, we have
, we have the inequality ♯f t+i,t+1 (f
Xt+i,Xt (α ′′ )) ≤ p by Lemma 6.5.
Hence we have ♯f
Xt+1,Xt (α ′′ ) ≤ p for i + δ ≤ t ≤ n − i and α ′′ ∈ X t . Thus we get
Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p r+n Z) be a slim subgroup. Put
if n is even,
if n is odd.
Define a decreasing sequence 
Proof. The inclusion "⊇" is trivial. Now we show the other inclusion "⊆". Take
But this contradicts the assumption α ′ ∈ Y i . Hence we get the inclusion "⊆".
Proposition 6.8. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p r+n Z) be a slim subgroup. Take an integer s satisfying 1 ≤ s ≤ l. Then we have
Proof. For simplicity, we show the inequality only when r = 0. Decompose
We have
by Lemma 5.3. We see
by the definition of Y i , Corollary 6.6 and Lemma 6.7. Hence
By Lemma 5.3, we see
we get the desired inequality.
We control the number of elements conjugate to σ in a slim subgroup H ⊆ SL 2 (Z/p n Z) when p ≥ 3. For p ≥ 3, define a sequence {a(σ, p) n } n≥2 as follows:
where n = 2l or 2l + 1.
Corollary 6.9. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p n Z) be a slim subgroup. Assume p ≥ 3. Then we have
Proof. By Corollary 5.10, we have
We control the number of elements conjugate to τ in a slim subgroup H ⊆ SL 2 (Z/p n Z) when p ≥ 3. For p ≥ 5, define a sequence {a(τ, p) n } n≥2 by a(τ, p) n := a(σ, p) n . Corollary 6.10. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/p n Z) be a slim subgroup. Assume p ≥ 5. Then we have
Proof. The same as the proof of Corollary 6.9.
Define a sequence {a(τ, 3) n } n≥2 as follows:
Corollary 6.11. Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/3 n Z) be a slim subgroup. Then we have
Proof. By Corollary 5.14, we have
Applying Proposition 6.8 (put s = 1), we get
We control the number of elements conjugate to u p r in a slim subgroup H ⊆ SL 2 (Z/p r+n Z). For p ≥ 3, define a sequence {a(u, p) n } n≥2 as follows:
Corollary 6.12. Let r ≥ 0, n ≥ 2 be integers and let H ⊆ SL 2 (Z/p r+n Z) be a slim subgroup. Assume p ≥ 3. Then we have
Proof. By Corollary 5.16, we have
Define a sequence {a(u, 2) n } n≥6 as follows:
Corollary 6.13. Let r ≥ 0, n ≥ 6 be integers and let H ⊆ SL 2 (Z/2 r+n Z) be a slim subgroup. Then we have
Proof. By Corollary 5.17, we have
for 3 ≤ i ≤ l. Applying Proposition 6.8 (put s = 3), we get
We control the number of elements conjugate to σ in a slim subgroup H ⊆ SL 2 (Z/2 n Z). Define a sequence {a(σ, 2) n } n≥3 as follows:
Proposition 6.14. Let n ≥ 3 be an integer and let H ⊆ SL 2 (Z/2 n Z) be a slim subgroup. Then we have
Proof. Decompose
by the definition of Y 1 , Corollary 6.6 and Lemma 6.7. Hence
by Corollary 5.11 and Remark 5.4, we get
This shows the desired inequality for n = 3, 4, 5. Assume n ≥ 6, so that we have l ≥ 3. Decompose
We also use a slightly different way to control ♯H ∩ Conj(τ ) and ♯H ∩ Conj(u p r ) when p = 2.
Let n ≥ 2 be an integer and let H ⊆ SL 2 (Z/2 r+n Z) be a slim subgroup. Put
Define a decreasing sequence
so that the hypothesis in Lemma 5.3 is satisfied.
Lemma 6.15. For three integers i, i
Proof. The same as the proof of Lemma 6.7.
We control the number of elements conjugate to τ in a slim subgroup H ⊆ SL 2 (Z/2 n Z). Define a sequence {a(τ, 2) n } n≥5 as follows:
Proposition 6.16. Let n ≥ 5 be an integer and let H ⊆ SL 2 (Z/2 n Z) be a slim subgroup. Then we have
by Lemma 5.3 . By the definition of Z i , Corollary 6.6 and Lemma 6.15, we see
By Corollary 5.13 and Lemma 5.3, we have
We find another control of the number of elements conjugate to u 2 r in a slim subgroup H ⊆ SL 2 (Z/2 r+n Z). It is better than a previous one for a small n. Define a sequence {b(u, 2) n } n≥4 as follows:
Proposition 6.17. Let r ≥ 0, n ≥ 4 be integers and let H ⊆ SL 2 (Z/2 r+n Z) be a slim subgroup. Then we have
by the definition of Z 1 , Corollary 6.6 and Lemma 6.15. Hence
by Corollary 5.17 and Remark 5.4, we get
This shows the desired inequality for n = 4, 5, 6. Assume n ≥ 7, so that we have l ′ ≥ 4. Decompose
By Corollary 5.17 and Lemma 5.3, we have
before. Consequently, we get
Proof of the main theorem
Now we prove Theorem 3.9. Recall the four types of groups
For a subgroup H ⊆ G = SL 2 (Z/p n Z), recall (4.1):
and (4.2), (4.3):
where 1 ≤ t ≤ n. 
Suppose H/H 1 ⊆ B. Lemma 4.9 shows that in SL 2 (Z/7Z) we have ♯B ∩ Conj(σ) = 0, ♯B ∩ Conj(τ ) = 2p = 14 and ♯B ∩ Conj(u) = 
Thus the (2, 1) entry of an element of H ∩ Conj(u p 2 ) must be zero since H is slim, and H ∩ Conj(u Proof. In SL 2 (Z/3 6 Z) we have ♯Conj(σ) = 2·3 11 , ♯Conj(τ ) = 4·3 10 and ♯Conj(u Consequently, δ H ≥ 1 − 3 · The first three groups are conjugate. 
